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(êÆa, 2013c10�)

�Á/ª: 4ò �Á�m: 150 ©¨ ÷©: 100 ©

�! (�K 15 ©) ²¡ R2 þü��»� r �� C1 Ú C2 	�u P :. ò� C2

÷ C1 ��±£ÃwÄ¤EÄ�±§ù�, C2 þ� P :�� C2 �$Ä
$Ä. P Γ

� P :�$Ä;,­�, ¡�%9�. y� C �±P �Ð© � (�:) ��%��,

Ù�»� R. P γ : R2 ∪ {∞} → R2 ∪ {∞} �� C ��üC�§§ò Q ∈ R2\{P}
N¤�� PQ þ�: Q′

, ÷v
−→
PQ ·

−−→
PQ′

= R2
. ¦yµγ(Γ) ��Ô�.

y² ± C1 ��% O ��:ïá���IX§¦�Ð©�: P = (0, r). ò�

C2 ÷ C1 ��±£ÃwÄ¤EÄ� Q :, P� ∠POQ = θ, K Q = (r sin θ, r cos θ).

- `Q � C1 3 Q :���, §�ü {�� ~n = (sin θ, cos θ). ù�, P :$Ä� P

'u�� `Q �é¡: P ′
= P (θ) ?. u´, k

−−→
OP ′

=
−→
OP +

−−→
PP ′

=
−→
OP − 2(

−→
QP · ~n)~n. (5©)

� P :�$Ä;,­�(%9�)�

P (θ) = P ′
= (2r(1 − cos θ) sin θ, r + 2r(1 − cos θ) cos θ), 0 ≤ θ ≤ 2π. (8©)

N´��, � C ��üC���IL«�

(x̃, ỹ) = (0, r) +
R2

x2 + (y − r)2
(x, y − r). (11©)

ò (x, y) = P (θ) �<, ��

(x̃, ỹ) =

(
R2

sin θ

2r(1 − cos θ)
,

R2
cos θ

2r(1 − cos θ)
+ r

)
. (13©)

��O�§���Ô��§

ỹ =
r

R2
x̃2

+ (r − R2

4r
). (15©)
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�! (�K 10 ©) � n ��
 B(t) Ú n × 1 Ý
 b(t) ©O� B(t) = (bij(t))

Ú b(t) =


b1(t)

.

.

.

bn(t)

, Ù¥ bij(t), bi(t)þ�'u t�¢Xêõ�ª, i, j = 1, 2, · · · , n. P

d(t) � B(t) �1�ª, di(t) �^ b(t) O� B(t) �1 i ��¤�� n �Ý
�1�

ª. e d(t) k¢� t0 ¦� B(t0)X = b(t0) ¤�'u X ��N�5�§|, Áy²:

d(t), d1(t), · · · , dn(t) 7kgê > 1 �úÏª.

y²�B(t)�1 i��Bi(t), i = 1, 2, · · · , n. äóµ t−t0´ d(t), d1(t), · · · , dn(t)

�úÏª. �y. Ø���5§� d1(t0) 6= 0§u´

�[B(t0), b(t0)] = n, Ï� d1(t0) 6= 0. (5 ©)

5¿��B(t0) 6 n − 1, (J

O2
[B(t0), b(t0)] �� 6= B(t0) ��, (9 ©)

l
 B(t0)X = b(t0) Ø�N. gñ. y.. (10 ©)

8! (�K 25 ©) � Rn×n � n �¢�
�N, Eij � (i, j)  ���� 1

Ù{ ���� 0 � n ��
, i, j = 1, 2, · · · , n. 4 Γr ���u r �¢ n ��


�N, r = 0, 1, 2, · · · , n, ¿4 φ : Rn×n → Rn×n ��¦Nì, =÷v: φ(AB) =

φ(A)φ(B),∀ A,B ∈ Rn×n. Áy²:

(1) ∀ A,B ∈ Γr, �φ(A) =�φ(B).

(2) e φ(0) = 0, ��3,��� 1 �Ý
 W ¦� φ(W ) 6= 0, K7�3�_�
 R

¦� φ(Eij) = REijR
−1 é�� Eij �¤á, i, j = 1, 2, · · · , n.

y²: (1) A,B ∈ Γr L² A �L� A = PBQ, Ù¥ P,Q �_. (1 ©)

(J φ(A) = φ(P )φ(B)φ(Q), l
 �φ(A) 6�φ(B). (3 ©)

é¡/k �φ(B) 6�φ(A). =k, �φ(A) = φ(B). (5 ©)

(2) �	Ý
8Ü {φ(Eij)|i, j = 1, 2, · · · , n}. k�	 φ(E11), · · · , φ(Enn). d (1)

� φ(Eij) ��"
, AO/, φ(Eii) ��"��
, ��3ü A��þ wi ¦�

φ(Eii)wi = wi, i = 1, 2, · · · , n.

l
��þ|: w1, w2, · · · , wn. (7 ©)

d�þ|kXe5�:

a) φ(Eii)wk =

φ(Eii)φ(Ekk)wk = φ(EiiEkk)wk = 0, k 6= i �

wi, k = i �.

b) w1, w2, · · · , wn �5Ã', l
�¤ Rn �Ä, Ý
 W = [w1, w2, · · · , wn] �

�_
. ¯¢þ, e x1w1 + · · · + xnwn = 0, K3ü>^ φ(Eii) �^�, � xi = 0,

i = 1, 2, · · · , n. (11 ©)

c) � k 6= j �, φ(Eij)wk = φ(Eij)φ(Ekk)wk = φ(EijEkk)wk = 0;

� k = j �, - φ(Eij)wk = b1jw1 + · · · + bijwi + · · · + bnjwn. ü>©O^

1 2 �£� 5 �¤
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φ(E11), · · · , φ(Ei−1 i−1), φ(Ei+1 i+1), · · · , φ(Enn) �^�, �

0 = φ(E11Eij)wj = φ(E11)φ(Eij)wk = b1jw1, · · · ,

0 = φ(EnnEij)wj = φ(Enn)(b1jw1 + · · · + bijwi + · · · + bnjwn) = bnjwn,

=k

b1j = · · · = bi−1 j = bi+1 j = · · · = bnj = 0.

l
 φ(Eij)wj = bijwi, ?�Ú, bij 6= 0, ÄKk φ(Eij)[w1, · · · , wn] = 0, �� φ(Eij) �

"
, Ø�U. (15 ©)

ù�ÏLO� φ(Eij)wj i, j = 1, 2, · · · , n, ·��� n2 ��"�¢ê:

b11 · · · b1n

.

.

.
.
.
.

.

.

.

bn1 · · · bnn

5¿� EmrErs = Ems, l


bmswm = φ(Ems)ws = φ(Emr)φ(Ers)ws = φ(Emr)brswr = brsbmrwm

Ïdk bmrbrs = bms. (17 ©)

��, - vi = bi1wi, i = 1, 2, · · · , n. Kk

φ(Eij)vk =

0, k 6= j �

φ(Eij)bj1wj = bj1bijwi = bi1wi = vi, k = j �.
(21 ©)

- R = [v1, · · · , vn], K R = [w1, · · · , wn]


b11

. . .

bn1

 ��_Ý
, �

φ(Eij)R = φ(Eij)[v1, · · · , vn] = [0, · · · , 0, vi, 0 · · · , 0] = [v1, · · · , vn]Eij

=, φ(Eij) = REijR
−1. y.. (25 ©)
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n! (�K 15©)� f(x)3«m [0, a]þk��ëY�ê, f ′
(0) = 1, f ′′

(0) 6= 0,

� 0 < f(x) < x, x ∈ (0, a). -

xn+1 = f(xn), x1 ∈ (0, a).

(1) ¦y {xn} Âñ¿¦4�; (2) Á¯ {nxn} ´ÄÂñ? eØÂñ, K`²nd. e

Âñ, K¦Ù4�.

y² (1) d^� 0 < x2 = f(x1) < x1, 8B/�y� 0 < xn+1 < xn, u´ {xn}
k4�, �� x0. d f �ëY5, 9 xn+1 = f(xn) � x0 = f(x0). qÏ�� x > 0 �,

f(x) > x, ¤±�k x0 = 0. =, lim
n→∞

xn = 0. (5 ©)

(2) d Stolz ½nÚ L’Hospital {K,

lim
n→∞

nxn = lim
n→∞

n

1/xn

= lim
n→∞

1

1/xn+1 − 1/xn

= lim
n→∞

xn+1xn

xn − xn+1

(8©)

= lim
n→∞

xnf(xn)

xn − f(xn)
= lim

x→0

xf(x)

x − f(x)

= lim
x→0

f(x) + xf ′
(x)

1 − f ′(x)
= lim

x→0

2f ′
(x) + xf ′′

(x)

−f ′′(x)

= − 2

f ′′(0)
(15©)

o! (�K 15 ©) � a > 1, ¼ê f : (0, +∞) → (0, +∞) ��. ¦y�3ªu

Ã¡��ê� {xn} ¦�

f ′
(xn) < f(axn), n = 1, 2, · · · .

y² e(ØØé, K�3 x0 > 0 ¦�� x > x0 �, k f ′
(x) > f(ax) > 0. (5©)

u´� x > x0 �, f(x) î�4O, �d�©¥�½n

f(ax) − f(x) = f ′
(ξ)(a − 1)x > f(aξ)(a − 1)x

> f(ax)(a − 1)x.

�ùéu x > 1
a−1
´ØU¤á�. (10©)
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Ê! (�K 20 ©) � f : [−1, 1] → R �ó¼ê, f 3 [0, 1] þüN4O, q� g

´ [−1, 1] þ�à¼ê, =é?¿ x, y ∈ [−1, 1] 9 t ∈ (0, 1) k

g(tx + (1 − t)y) 6 tg(x) + (1 − t)g(y).

¦y: 2

∫ 1

−1

f(x)g(x) dx >
∫ 1

−1

f(x) dx

∫ 1

−1

g(x) dx.

y² du f �ó¼ê, ��∫ 1

−1

f(x)g(x) dx =

∫ 1

−1

f(x)g(−x) dx. (2©)

Ï


2

∫ 1

−1

f(x)g(x) dx =

∫ 1

−1

f(x)(g(x) + g(−x)) dx

= 2

∫ 1

0

f(x)(g(x) + g(−x)) dx. (1)

(7©)

Ï� g(x) �à¼ê, ¤±¼ê h(x) = g(x) + g(−x) 3 [0, 1] þ4O. (10©)

�é?¿ x, y ∈ [0, 1], k

(f(x) − f(y))(h(x) − h(y)) > 0.

Ï
 ∫ 1

0

∫ 1

0

(f(x) − f(y))(h(x) − h(y)) dxdy > 0. (15©)

dd��

2

∫ 1

0

f(x)h(x) dx > 2

∫ 1

0

f(x) dx ·
∫ 1

0

h(x) dx

=
1

2

∫ 1

−1

f(x) dx ·
∫ 1

−1

h(x) dx

=

∫ 1

−1

f(x) dx ·
∫ 1

−1

g(x) dx. (20©)

(Ü (1) =�(Ø.
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